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Rigorous rppairing ground state in an extended Hubbard 
model 

Z J Wang, X M Qiu and X B Zhou 
Southwestem Institute of Physics, PO Box 432, Chengdu 610041, People's Republic of China 

Received 1 August 1994 

Abstract. In this paper we show the existence of q-pniring and off-diagonal long-mge order 
(ODLRO) in the ground state of an extended Hubbard model with Nt - N+ = 1, where N+ and 
N+ are the occupation numben of up and down spins, for connected bipartite lattices. 

The concept of ODLRO was proposed and showed its relevance to superconductivity and 
supefiuidity three decades ago [I]. Therefore, it is very important to rigorously show some 
non-trivial interacting-electron models possessing ODLRO. Recently, the ground-state ODLRO 
was proved for the strong-coupling limit of the attractive-U Hubbard model [2,3] and for 
some one-dimensional models [4]. The resulting ODLRO state was related to the so-called 
q-pairing state of Yang [SI. More recently, Shen and Qiu [6] have demonstrated that the 
attractive-U Hubbard model on some bipartite lattices A possesses ODLRO in the ground 
state with a finite range of the electron filling factor. 

In this paper we study the extended negativeu Hubbard Hamiltonian 

where Cit,(Ci,) is the creation (annihilation) operator of the electron with spin U at site 
i, ni, = C/,Cj,, is the electron number operator, the hopping matrix elements are tij. U 
the on-site interaction of electrons and Wij the inter-site interaction of electrons. After 
extending Tasaki's theorem [7] on the existence of ferromagnetism in the large positive-U 
Hubbard model with precisely one hole, we prove, shictly, that there exists q-pairing in the 
ground state ofthe extended large negative-U Hubbard model (1) through a particle-hole 
transformation. 

We start by considering the Hamiltonian 

+ wi~ni,nj, - 201~nj-, + (nit - nib) + (nj+ - n j r )  + 11 (2) 
ijcr 

where the meaning of the parameters is the same as that in model (I). The latter four terms 
in the square brackets represent our extension to Tasaki's model. 
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We introduce the spin operators 

where the eigenvalues of S2 are S(S+ 1). It is easy to show that S2 and SL commute with 
the Hamiltonian (2) respectively. Hence, S2 and S' are conserved quantities of model (2).  

Theorem. Consider model (2) with tij  2 0, W;j < 0, U = w and the electron number 
Ne = N - 1, where N is the total number of sites. The lattice A satisfies the connectivity 
condition. Then, the ground state has S = S,, = (N - 1)/2 and is unique except for the 
trivial N-fold degeneracy. 

Remark 1. Two states li, U) and I j ,  t) are said to be directly connected to each other if 
( j ,  rltij(CjpCjr +CflCjr)li, a) # 0. A finite lattice A satisfies the connectivity condition if 
all the states li, U) with the same value of S' are connected to each other [7]. Nagaoka [8] 
has demonstrated that when t;j is non-vanishing for the nearest neighbour (i, j )  only, the 
connectivity condition is satisfied in the square lattice, hiangular lattice and some regular 
three-dimensional lattices (such as the simple-cubic, the body-centred-cubic and the face- 
centred-cubic lattice). 

Remark 2. According to Tasaki, if U is finite but sufficiently large, the theorem mentioned 
above holds. 

Proofofthe theorem. Following the method of Tasaki we define the basis state as 

where i denotes the position of the unique hole, and a = ( ~ j ) ~ # ;  is a multi-index describing 
the spin of each electron. IO) is the vacuum state which satisfies Ci,lO) = 0 for any i, U .  

Let I*) = xi,, +;.mli,a) be an arbitrary normalized state. Let us define a state 10) 
with S = S,,, as 10) = xi pili. It)) where vi = (E. l+;,u~2)''z and the multi-index It) 
indicates that all the eleceons have upward spin. When rij 2 0 and W;, < 0 we find 

Since 

and 
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then 

(*I - 2 ~ i j E n i ~ n j - r ~ )  > (01 -2wi,Cni+j-.,.10). (6) 
0. (r 

Because 

and 

then 

(8.3) 

Here, the sum in expressions (8) has been over a, r such that the two states li, 01) and l j , , s )  
are directly connected and we have used the Schwarz inequality to obtain the inequality 
(8.2). These expressions imply that the expectation of the energy of the state IQ) is never 
larger than that of the original state I*). Then, among the ground states there exists at least 
N states with S = S,, (N - 1)/2 by taking IY) as one of the ground states and using 
the global SO(3) symmetry of the system. Alternatively, by examining Tasaki's proof of 
the uniqueness of the ground state, it follows that the uniqueness of our theorem holds. 0 
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It is well known that the repulsive and attractiveu Hubbard model can be interchanged 
by means of a particle-hole transformation [9] which means Cip --f (-l)iC!p and 
Ci+ -+ Ci, in the present case. We now perform this transformation on model (2). We 
further assume a bipartite lattice and that (-ly is -1 for one sublattice and f l  for the 
other. Under this transformation, model (2) is mapped onto model (1). It follows from 
our theorem that when tij 2 0, Wij < 0, U = 00 and Ne = N - 1, then model (2) has a 
ferromagnetic ground state. It is well known that the ferromagnetic order of model (2) in 
the x and y directions can be mapped onto staggered BCS ODLRO through the transformation 
mentioned above. This corresponds to the relation 

where ti = C&,, and qi = (-l)iCi&~ is the q-pairing operator. The z direction of the 
ferromagnetic order maps to phase separation. This mapping also maps the electron number 
Nr f NL = N -  1 onto N f  - Nc = 1. 

In summary, we have demonstrated that there exists q-pairing in model (1). The 
map is exact and, hence, we have exactly proven that the extended Hubbard model (1) 
with N t  - NJ = 1 has q-pairing for large enough U ;  this corresponds to ODLRO and 
superconductivity in the ground state Dn connected bipartite lattices. 
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